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1. (10 ©) ¦)±e�5�§|

x1 + 2x2 + 3x3 + x4 = 3

x1 + 4x2 + 5x3 + 2x4 = 2

2x1 + 9x2 + 8x3 + 3x4 = 7

3x1 + 7x2 + 7x3 + 2x4 = 12

.

2. (15 ©) {�K. ����Ñe�¯K��Y. (ØI��Ñ)KL§½)º

nd.)

(a) �8Ü X, Y, Z ÷v |X| = |Y | = 2, |Z| = 3. Kl X � Map(Y, Z) �

ü��k �.

(b) - A = {1, 2}. �Ñü�N� f : Z→ R Ú g : Z→ R ¦� f−1(A) ´

k�8, g−1(A) ´Ã�8.

(c) b� K ´ C �f�, ��3 a ∈ K ÷v a2 + a+ 1 = 0. Ke�(Ø

�½¤á�´ . (�(À�Ø�½�k��.)

(A) �§ x2 + 9 = 0 3 K ¥k).

(B) XJ R ´ K �f�, K7, K = C.

(C) XJN� f : K → R ÷v

f(x+y) = f(x)+f(y), f(xy) = f(x)f(y) é?¿ x, y ∈ K ¤á,

K f �½´~�N�.

(D) N� g : K → K;x 7→ x3 �½Ø´ü�.

3. (10 ©) �ä�Ø. �(��)ºnd, �Ø��ÞÑ�~.
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(a) e�5�§| AX = b1 Ú AX = b2 þk), K AX = b1 + b2 �k).

(b) � f, g, h Ñ´��8Ü X �g��N�. XJ h = g ◦ f , ¿� f ´÷

�, g ´ü�, K h �½´�_N�.

4. (9 ©) � f : X → Y �ü���8Ü�m�N�. y²e��ã�d:

(i) f ´ü�.

(ii) éu X �?¿f8 A þk f−1(f(A)) = A.

(iii) éu X �?¿f8 A,B þk: f(A) ∩ f(B) = ∅ ¤á��=�
A ∩B = ∅ ¤á.

5. (6 ©) � K � C ���f�. y²: XJé?¿ x ∈ K þk x3 ∈ Q, K

K = Q.
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1. (8 ©) ¦±eàg�5�§|���Ä:)X:
3x1 + 2x2 − 5x3 + 4x4 = 0

3x1 − x2 + 3x3 − 3x4 = 0

9x1 + x3 − 2x4 = 0

.

2. (15 ©) {�K. ����Ñe�¯K��Y. (ØI��Ñ)KL§½)º

nd.)

(a) � L ´�m¥�§� x−2
−1 = y

3
= z+1

4
���, Π ´�¹�� L �²L

: P (0, 3,−1)�²¡. ¦ Π����§ (=, /X ax+ by+ cz + d = 0

��§).

(b) � V = R[X]≤2, W = C. ��Ñ R-�þ�m V ×W ��|Ä.

(c) �Ä R-�þ�m V = R[X]≤3 ¥�f�m U = {f ∈ V | f(1) =

f ′(1) = 0}. ��Ñ U 3 V ¥����ÚÖ.

3. (10 ©) �ä�Ø. �(��)ºnd, �Ø��ÞÑ�~.

(a) � U, W ´�þ�m V �f�m. XJ U + W ´�Ú, Kéu V �

?¿f�m M , (U ∩M) + (W ∩M) �´�Ú.

(b) b��þ�m V ´Ã���. Kéu V ¥�?¿ (dk�õ��þ�

¤�) �þ| S þk V 6= span(S).

4. (5 ©) y²½ÞÑ�~: e L,M Ñ´�þ�m V ¥���8, K L ∪M

�´ V ¥���8.

5. (12 ©) � m,n ���ê, A,B ∈Mm×n(R).
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(a) y²: rank(A + B) ≤ rank(A) + rank(B).

(b) Þ~`²: rank(A + B) < rank(A) + rank(B) Ú rank(A + B) =

rank(A) + rank(B) ��¹þk�UÑy.

(c) y²±e�ã�d:

i. �ª rank(A + B) = rank(A) + rank(B) ¤á.

ii. �3�§| AX = 0 ���Ä:)X S Ú�§| BX = 0 ���

Ä:)X T ¦� Rn×1 = span(S ∪ T ), S ∩ T �¤ (A + B)X = 0

�Ä:)X.
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1. (15 ©) {�K. ����Ñe�¯K��Y. (ØI��Ñ)KL§½)º

nd.)

(a) - A =

(
1 2
3 4

4 3
1 2

)
, A′ =

(
4 3
1 2

1 2
3 4

)
. ��Ñ���_Ý
 P ∈ M4(Q)

¦� P−1AP = A′.

(b) �Ñü�ØÓ� R-�5N� T, S : R[X]≤2 →M2(R)¦� T (X−1) =
S(X − 1) = I2, T (X

2) = S(X2) = −I2.

(c) Þ~`²: � V ´Ã���þ�m�, ���5C� T : V → V �±

´ü��Ø´÷�.

2. (10 ©) �ä�Ø. �(��)ºnd, �Ø��ÞÑ�~.

(a) éu¢�þ�m V = R[X]≤3 Ú W = M2(R), �3 R-�5N�

T : V → W ¦� Ker(T ) ∼= Im(T ).

(b) � B = (v1, v2, v3) Ú C = (η1, η2, η3) ´��þ�m R3 �ü|kSÄ,

P ´l B � C �LÞÝ
. K�5N� fP : R3 → R3, x 7→ Px U¦

fP (vi) = ηi éz� i = 1, 2, 3 ¤á.

3. (10 ©) �Ä R-�5N�

A : R[X]≤3 −→ R[X]≤3; f(X) 7−→ f ′(X)− f ′(0)X2.

(a) ¦ rank(A ) ¿�Ñ Im(A ) ��|Ä.

(b) - B = (1, X,X2, X3). ¦Ý
MB(A ).

4. (5 ©) � A ´k���þ�m V þ��5C�.

y²: �3�5C� B ∈ End(V ), ¦� A B = 0 � rank(A ) + rank(B) =

dimV .
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5. (10 ©) � A ´¢�þ�m V þ��5C�. b� A 2 = 2A .

(a) y²: V = Ker(A )⊕Ker(2I −A ).

(b) y²: e V ´k���, K rank(A ) + rank(A − 2I) = dimV .

(c) y²: Ø�3�Ú©) V = U ⊕W (Ù¥ U,W ´ V �f�m) ¦�

W 6= 0 ¿� A ´²1u U Ý� W �ÝKN�.
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